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Abstract— We address the problem of cooperative trans-
portation of a cable-suspended rigid-body payload by multiple
quadrotors. We develop a coordinate-free dynamical model of
the system by developing equations of motions directly on the
unit sphere and the special orthogonal group. This model is
used to design a geometric feedback control to track a reference
trajectory for the load’s pose (position and orientation), as well
as the yaw angle of each quadrotor, and the orientation of each
cable. Simulation results and formal proofs of the controller
are presented to demonstrate the stability properties of the
controller.

I. INTRODUCTION

Aerial robotics has a wide range of civil and military
applications with use in surveillance, sensor networks, and
in education. In recent years, we have seen the technology
mature to a point where we have quadrotors ranging in
size from centimeters to meters with payloads up to a few
kilograms. Moreover, nonlinear control systems for complex
maneuvers of quadrotors have been studied, and aggressive
maneuvers have also been demonstrated experimentally, [9].
Thus, quadrotors are naturally suitable for achieving aerial
manipulation for the purposes of load carrying and trans-
portation.

There is a broad spectrum of approaches in realizing aerial
manipulation and transportation. At one end are aerial robots
equipped with fixed grippers, where the payload is rigidly
attached to the aerial robot through the gripper, and the
same control technique for flying without a load is used.
These robots are typically characterized by slow, quasi-static
motions for hovering and picking up objects [8]. Moreover,
carrying a heavy load so close to the body, increases the
inertia of the system considerably and thereby makes the sys-
tem’s attitude response very sluggish, significantly degrading
performance. Cooperative aerial manipulation using multiple
aerial robots equipped with grippers for aerial transportation
of loads has also been carried out, [10]. However, once again,
the motions are slow, as the load inertia becomes even more
significant.

An alternative is to suspend the load through a cable,
thereby retaining the agility of the aerial vehicle while still
achieving the task of transportation of the suspended load.
Although this preserves the fast attitude response of the aerial
robot, it introduces additional degrees of underactuation at
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Fig. 1: Schematic diagram for the multiple quadrotor system
with rigid-body load.

the cable suspension point. Moreover, cooperative load trans-
portation with multiple quadrotors is useful for manipulating
large and heavy loads through constrained urban spaces
where additional safety is required through redundancy. This
is challenging due to the dynamic coupling between the
quadrotors through the load. Contrast this to existing results
on formation control of multi-agent systems which are not
only dynamically decoupled, but are also not subject to
switching dynamics and unilateral constraints.

Feedback control for dynamic multi-agent aerial manip-
ulation of cable-suspended loads presents many challenges.
Some of these challenges arise from the dynamics of the
system, which evolve on a complex nonlinear manifold, and
which is also hybrid due to the unilateral tension forces.
Other challenges are due to the many degrees-of-freedom
in the model, their associated underactuation, and the many
hybrid dynamical modes, each of which scale linearly with
the number of aerial robots. Moreover, the dynamic cou-
pling between the multiple aerial robots has to be explicitly
addressed.

In our prior work, [14], we developed a coordinate-free
dynamic model and a geometric controller for a single
quadrotor with a cable suspended point-mass load, that
offered almost-global stability for tracking any desired load
trajectory. We also established that the single quadrotor
with a cable-suspended load was a differentially flat hybrid
system. Moreover, in [12], we established that the n multiple
quadrotors case with a shared point-mass load is a differ-
entially flat hybrid system for n > 1. We also established
that the multiple quadrotors with a shared rigid-body load is



a differentially flat hybrid system for n > 3. The problem
of feedback control for multiple quadrotors cooperatively
transporting a shared point-mass load was presented in [7].
In this paper, we will develop a coordinate-free dynamical
model for the multiple quadrotors with a shared cable-
suspended rigid-body load and also present a geometric
control design for the case of n > 6 quadrotors for tracking
the position, orientation of the rigid-body and the attitudes
of the cables.

The rest of the paper is structured as follows. Section
IT presents the coordinate-free dynamic model for the n
quadrotors with a shared rigid-body load, Section III presents
a geometric control design for tracking a desired reference
pose trajectory for the rigid-body load, and Section V pro-
vides some concluding remarks.

II. DYNAMIC MODEL OF THIS SYSTEM WITH MULTIPLE
QUADROTORS

We develop a coordinate-free dynamical model for n
quadrotors with a shared, cable-suspended, rigid-body load.
We utilize rotation matrices to represent the load and quadro-
tor attitudes, and the two-sphere to represent the cable
attitude. The system is depicted in Figure 1, with the various
symbols defined in Table I.

In particular, x; € R? is the position of center of mass
of the load, Ry € SO(3) is the rotation matrix of the load
from the body frame to the inertial frame, R; € SO(3) is the
rotation matrix of the i quadrotor from the body-fixed frame
to the inertial frame, where i lies in the set {1,2,---,n},
qi € $% is the unit vector, in the inertial frame, from the
i"" quadrotor to its attachment point on the load, and r; is
the vector from the center-of-mass (CoM) of the load to the
attachment point of the i’ cable, expressed in the body-fixed
frame of the load. Thus, the configuration space of the system
is given by Q = SE(3) x (52 x SO(3))", and the position of
the i quadrotor given by the following kinematic relation,

Xi =xr+Rrri — Liq;.

The method of Lagrange is used to develop the dynamical
equations of motion. The Lagrangian of the system, .£ :
TQ — R, is defined by ¥ = .7 — %, where the kinetic
and potential energies are denoted as J : TQ — R, and
 : TQ — R, respectively, and are given by,

1
7 = E{mL||VL||2+Q£JLQL+
Y (millve + ReQpri — Ligil | + Q] i)},
=1
l n
v = mLxL-g63—|—2(mi(xL+RLr,~—Liq,~)-ge3).

i=1
The dynamics of the system then satisfy the Lagrange-
d’Alembert principle,

T T n
5/ fdtJr/ Y (W M)+ WP fiRie3) dt =0, (1)
0 0 =1

where f; is the thrust magnitude of the /' quadrotor, M,; is the
moment vector of the i/ quadrotor, (-,-) : s0(3) xs0(3) = R

TABLE I: NOMENCLATURE.

neZ* The number of quadrotors involved

geR Acceleration due to gravity

mp €R Mass of the suspended load

Jp e R3%3 Body inertia matrix of the load

m; €R Mass of the i’ quadrotor

J; e R?3 Inertia matrix of the i quadrotor

LieRT Length of the cable between the i’* quadro-
tor and the load

reR? Vector from the load’s CoM to the i sus-
pension point in the load’s body frame

x €R3 Position vector of the load’s CoM

R;, € 50(3) Rotation matrix of the load from body-fixed
frame to inertial frame

QeR3 Body angular velocity of the load

gi €S? Directional vector of the i’ cable in inertial
frame

gip € S? Directional vector of the i cable in body-
fixed frame of the load

o €R3 Angular velocity of g; defined as ¢; x ¢g;

T, eR Tension in the i cable

R; € SO(3) Rotation matrix of the i quadrotor from
body-fixed frame to inertial frame

Qe R’ Body angular velocity of the i quadrotor

fieR Thrust applied by the i quadrotor

M; € R3 Moment applied by the i quadrotor

is the inner product on so(3), the hat map *: R3 — s0(3)
is defined such that £y = x x y,Vx,y € R?, and W = RI.T5R,~,
Wib = 8x; = 8xp + OR.r; — L;8q; are variational vector fields
[11], with the infinitesimal variations satisfying [1], [5], [6],

8qi=&xqi, G ER st &g =0,
8qi =& x qi+&i < qi,
8Ri = Rifyi, m; € R,
8Q; = Qimi+1;
with 8¢; a variation on S2, and SR; a variation on SO(3).
The equations of motion are then obtained by ensuring
(1) is satisfied for all possible variations. These equations
comprise of the load pose dynamics, cable attitude dynamics,

and the attitude dynamics for each quadrotor:
Load pose dynamics:

XL = v,
Ry = Ry,
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where each term is defined as,
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cr = =Y mi(qiQpri)gi,
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bip = miLitiq;p,

n
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Cable attitude dynamics for the i'" quadrotor:
gi = 0; X gi,

) ; 1 .
w; = q; X <m{lL,~Ri€3 + E(VL+833)
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1
Attitude dynamics for the i'" quadrotor:
Ri = R,
Q,’ = J;] (_Qi X J,'Qi —|—Ml)

We can convert these equations into the following compact
form as

uj
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Ry = ROy,
qi = 0; X gi,
@ = —qiui
1 o £
+q; X E()'C'L+g€3 +RL(Q +Qp)r),
Ri= R,
.Qi = ]iil (—Q,’ x J;Q; +Mi)
where r
m;Ligiq’ :
Gi= N I TR Ries,
[miLiriQibqiT} miL;
and

n
di = =Y mi(q},Q7ri + Li(o- 0))gi,
i=1

n
dy= —Qp xJ.Qp — Y mi(qhQiri+ Li(w; - o)) (Figin)-
i=1

Remark 1: The system considered has 5n+ 6 degrees-
of-freedom (DoFs) and 4n actuators, thereby having n+ 6
degrees-of-underactuation.

Remark 2: For future reference, the tension in the the
i" cable can be computed as T; = g;- [x; + ges + Ry (Qr +
Q%)r,- — fiRie3] +m;L;(®; - @;), which arises from force anal-
ysis for each individual quadrotor.

III. FEEDBACK CONTROLLER DESIGN

Having derived the dynamical model of the complete
system directly in terms of the rotation matrices representing
the load and quadrotor attitudes, and using vectors on the
unit-sphere to represent the cable attitudes, we now develop a
geometric feedback controller to track a desired load position
and attitude. In order to better illustrate how this controller
works, we first provide a qualitative analysis of the system
dynamics, followed by the control problem formulation and
the controller development that uses the method of singular
perturbation.

A. Qualitative Analysis of System Dynamics

From the dynamics of the load, we see that the matrix G
is a projection operator that maps the external force being
applied on the system by the quadrotors to a wrench that’s
applied to the rigid-body payload. Simplfying further, the
load pose dynamics can be written as,

fiRie3-qi
A )fL ‘f‘g€3 _ G* f2R263 42 +d
Q.L ’
fan€3 *qn
where the new matrix
G| @ @
Piqin Faqop PrGnb

Moreover, the matrix A on the left hand side can also be
represented as,

A=Mp+GMG™
where

mplz  03x3

M= |:03><3 JL

} , Mg =diaglmi,my,--- ,my].

Remark 3: This concise expression for A clearly illus-
trates its physical meaning. In particular, A is the state-
dependent generalized inertia of the system, where the term
My, is the intrinsic inertia of the load and the term G*MyG*T
is the induced inertia due to the attitude change of each cable.

Next, similar to the case in [4], we decompose the control
input into the following two parts,

u) = (gi-ui)qi = qiq! i,
uir = (b —qiq! ui = —§u;,

corresponding to parallel and perpendicular components of
u; with respect to the cable attitude, ¢g;. Further, noting that



a3
—§iui = —qiu;- = §;ui, we have,

ui uy

up u!

G =G| |
u Il

n un

Remark 4: From the above equation, it is evident that the
load ﬁ)ose dynamics is only affected by the net effect of all
the u;. In particular, uf does not affect the load pose.

.
Remark 5: Furthermore, note that both uH

| and uj- affect
the attitude of the i cable, ¢;. The difference lies in the fact
that u;- appears explicitly in the dynamics of g;, where as ul‘
affects g; only implicitly through the load attitude Ry.

B. Inertial Controller - Problem Formulation

Having gained some insight into the structure of the
system’s dynamics, we now formulate the control problem.
Since the system has a high-degree of underactuation (see
Remark 1), the controller is formulated as an output tracking
controller with the goal being to track a set of outputs.

In particular, the control goal is that given a bounded and
sufficiently smooth reference output for the system, defined
as I’d(l‘) = [de(t),RLd(t),q,-d(t),eid(t)}, for i =1,2,---,n,
where ¢ € [fy,o0| and 0, is the desired yaw angle for each
quadrotor, design a state feedback law

[ fig,00] X TQ —(RY)",
(t7-x) '_>(f17M17f23M2a" : afnaMn)7

such that the system trajectory tracks the outputs exponen-
tially. Here, Q is the configuration of the system as defined
in Section II, TQ is the tangent bundle of Q, and x € TQ is
the system state.

To achieve the control goal just defined, we draw in-
spiration from the “inertial controller” design in [7]. In
particular, we assume the number of quadrotors employed
for the load transportation problem is large enough so that
the column vectors of G span RS for all time. This enables
the application of an arbitrary wrench to the load, subject to
the dynamics of the quadrotors being sufficiently fast.

Our control design can be divided into two parts shown in
the following subsections: (a) control design for each individ-
ual quadrotor to track a virtual force input and desired yaw
angle sufficiently fast, and (b) control design for specifying
these virtual forces to enable exponential tracking of the load
pose and cable attitudes.

C. Quadrotor force and yaw tracking control

We consider the problem of tracking the force and yaw
angle of the ith quadrotor, i.e given a smooth, bounded time-
varying force v; : [tg,o0] — R3, and quadrotor yaw angle 6, :
[ty,o0] — S!, design the quadrotor control input (f;,M;) €
R x R? such that the force being applied by the quadrotor
fiRie3 tracks the specified force v;, and the quadrotor body
yaw angle 6; tracks 0;; for all time.

To do this, we begin by defining the unit vector egc =
vi/||vil|, along with another unit vector that represents the

Fig. 2: Diagram showing the reduced system.

yaw attitude to track as e = [cos B,y sin6;; 0]7. Next we
define a rotation matrix based on these, as,

id
1

ic ic id

Ri. = [e"f egc X eif eéc} ,where e’ic = —M.
|le5 < (e5 x e )]|
Then, we define the orientation error for geometric control
as,
€R; = %(Rl?;Ri _RzTRiC)vv eQ; = Q; _RiTRiCQiC

where Q;c = (RTR;.)V, and the vee map v s0(3) — R3 is
the reverse of the hat map .

Proposition 1: (Force and Yaw Tracking for a Single
Quadrotor) Consider a desired force v; to be applied by a
quadrotor with a desired quadrotor yaw 0;;. Also consider
the following quadrotor inputs,
kg, kg,
2k e
— Ji(QRT Ric Qi — RT Rice),

fi=vi-Ries, Mj=—

eq; + Q; x J;Q;

with R, Q;c,er,,eq, as defined earlier, then there exists
parameters kg,,kq, and € > 0 such that the errors v; —
fiRiez, 6; — 6,4 tend to zero exponentially for any i €

{1,2,--- ,n} when € < & Moreover, the convergence rate
can be increased by reducing the value of €.
Proof: See Appendix A. [ ]

Remark 6: For the extreme case when € = 0, the force
applied by the quadrotor f;R;e3 can be controlled directly. In
this case, the quadrotor attitude dynamics is entirely omitted,
and the original system is reduced to the simplified one
shown in Figure 2.

D. Load pose and cable attitude tracking control

We first consider the case when € =0, and design a control
that tracks a desired load pose and cable attitude for the
reduced system in Figure 2. Next, we extend this control
to the full system dynamics that includes the quadrotor
dynamics.

We begin by designing a feedback law for the reduced
system so as to specify the virtual force v; to be applied by
each quadrotor for tracking a desired load pose and cable
attitude. To do this, we make the following assumptions:



o The rank of the matrix G is 6 for all time.
o There’s no cable that becomes slack during the control
process.

Assumption 1 is equivalent to the column span of G being
RR®, as discussed in the previous section. From the expression
of G it follows that we need at least 6 quadrotors in order to
realize this. Moreover, an equivalent condition is that G has
Moore-Penrose pseudoinverse, denoted as G'. The second
assumption guarantees that our model is valid for the control
design, as the system is actually hybrid due to unilateral
tension constraints. As we will see, our results validate that
the assumption holds for a large class of trajectories.

In order to distinguish the reduced system and the full
system, we add the subscript “r” to the states of the reduced
system. Our control design is split into the following steps:

1) Compute a feedback wrench applied to the load as:
Wd:[ . Xrq+ges . }
—QuRY R yQra+RE RLQua
. kaeer + kvLeer
kRLeRLr + kQLeQLr

where the load’s translational error is defined as

€x;, = XLr —XLd, €y, = XLr — XLd,

and its orientation error is defined as

1
eRLr = 5 (RIZ:dRLr - RZVRLd)v7 eQLr = QLV - RerLd QLd.

2) Use the above expression to obtain ule which is the

parallel component of v; along g;, as the following
I
‘l‘v
B

Tl =uy=G (—d—|—AWd),

u

ul‘a‘v
where the terms G,d,A are computed using the dy-
namics based on states of reduced system.

3) Based on this, we are able to cancel out the effects
of load’s accelerations on the cable attitude using the
perpendicular part of v; as:

"‘zjfr = éir((‘lir : wid)?ir - C??rd)id - (ktiieqz'r + kﬂ)ie@ir))

Lo A A
- qu'zr(ber +ges + RLr(-Q%r + QLbr)ri)
]

where i=1,2,--- ,n and
)
eqi’ = did x qir, ewir = Wjr +Qirwid)

are the position and velocity error functions in S?.
We then have the following proposition:

Proposition 2: (Almost Global Exponential Tracking of
the Reduced System) Consider the reduced system shown
in Figure 2. Also consider the desired force to be applied by
each quadrotor as,

vi = miLi(u), + ),

Reduced

System
Load Pose
Dynamics

Quadrotor Attitude
Dynamics

Virtual Input
Computation |;

ﬁRi €3§
5 Cable Swing
Dynamics

Actual Input : Vi
Computation :

Fig. 3: Block diagram of the controller’s structure.

TABLE II: System Parameters for Simulation (Units in SI)

Parameter Value Parameter Value

n 7 L 1.2

mp, 3.0 m; 0.55

Jr diag[3,3,6] Jo diag[2.32,2.32,7.6] x
1073

Thi [2cos 2, 2sin £2,0.05] (i=1,2,---,6)

ri7 [0,0,0.05] £ 0.005

where ul‘-‘v,ufv are as defined above. Then, there exist gain

parameters ky, ,k,, kg, ,ko, and kg, ke, , kg, ko, 1=1,2,---,n
such that the reduced system tracks the reference output
(x2q(t),Rra(t),qia(t)) exponentially.

Proof: See Appendix B. [ ]

Then by selecting the virtual control v; as specified by
Prop. 2 and the reference yaw angle 6;; and inputs (f;,M;)
for each quadrotor as specified by Proposition 1, we have
completed the full controller design. The stability properties
are established by the following proposition.

Proposition 3: (Exponential Tracking for the Full System)
Consider the full model of the system which includes the
quadrotor dynamics, and consider the virtual control v; as
specified by Prop. 2, along with the reference yaw angle 6;,
and the quadrotor inputs (f;, M;) as specified by Prop. 1. Then
there exists €* > 0 such that Ve < €%, the reference outputs
(x4, RLd,qia, 6ia) is exponentially tracked for the closed-loop
full system.

Proof: See Appendix C. [ ]

IV. SIMULATION RESULTS AND DISCUSSION

In order to validate the stability of our controller and
shed some light on its limitations, we perform a numerical
simulation in Matlab. We consider a cylinder-shaped load
suspended with cables of equal length from 7 identical
quadrotors. The values of the important system parameters
are shown in Table II.
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Fig. 5: Snapshots of a dynamic load manipulation trajectory. The load, cables, and quadrotors are shown at intervals of 3
seconds. The black line is the nominal trajectory to be followed and red line is actual trajectory for the load’s CoM.

Tl T2 T3 T4 T5 T6 17
Nominal
z21 Actual
§ 10 1 h,.’—
2} A
5] \—
5 J |
0
0 10 20 10 20 10 20 10 20 10 20 10 20 10 20
Time (s) Time (s) Time (s) Time (s) Time (s) Time (s) Time (s)

Fig. 6: Plots of the tension in each of the cables that are between the suspended load and the quadrotors. As is clearly seen,
the tension is strictly positive indicating that the controller did not cause any of the cables to go slack.

Since the system is shown to be differentially flat in [13],
we are able to generate a smooth reference based on the flat
outputs that consist of the the load’s pose, the tensions for the
last four quadrotors, and the yaw angles for all quadrotors.
These flat outputs are listed below,

xrg = [1.2cost,2.0sin(0.5¢ + g),2.5 cos(0.5¢ + g) —0.41"
Rpg=¢®, where Qo=1[0.2,0.2,05",

T, = [2,2,5]", Ts = [-2,2,5]", Te = [2,-2,5]"

T = [0,0,8]"

where the four tensions (74 — T'7) are specified as constants
with respect to the load’s body frame shown in Figure 6, and

the quadrotor yaw angles are specified as zero.

The simulation is performed using Matlab, with the full
system state vector containing 144 variables (18 states for
the load and each of the seven quadrotors). We also consider
two quadrotors in an inverted configuration that pull the load
down to illustrate the flexibility of the proposed controller.

Simulation results are presented in Figures 4-6. Figure
4 illustrates the load position and orientation errors going
down to zero exponentially. Figure 5 illustrates snapshots of
the system comprising of the load, suspension cables, and
quadrotors, as the controller drives the system to follow the
reference output (black and red traces represent the nominal
and actual trajecotries for the load’s CoM respectively.) A
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Fig. 4: Position error (e, ) and orientation error (eg,) of the
load with respect to time.

large initial position error along with an orientation error for
the load are specified and the controller drives them to zero.
Finally, in order to test the validness of our assumption that
the cables do not go slack, each cable tension is computed
from the simulation and illustrated in Figure 6. As can be
seen, the tensions in all cables are strictly positive.

Having presented numerical results demonstrating the per-
formance of the proposed controller, we now discuss some
of its shortcomings. Our geometric control design requires
a perfect model, which could cause problems on real-world
systems with uncertainties. Moreover, although the controller
demonstrates good performance with cable tensions that are
strictly positive, the controller does not explicitly guarantee
this. There potentially exists initial conditions that could
cause the cables to go slack. Furthermore, the controller does
not place any state or input constraints, such as collision
constraints between the various quadrotors and constraints
for actuator limits. Finally, the experimental implementation
of the proposed controller will be potentially hard due to
noisy state estimates and limited communication bandwidth.

V. CONCLUSION

We have presented a coordinate-free dynamical model
for a system comprising of a rigid-body payload suspended
through cables from n-quadrotor UAVs. A geometric con-
troller is designed to realize the tracking of the load’s pose
(position and orientation), as well as the yaw angle of each
quadrotor and the orientation of each cable. The controller
is developed initially for a reduced system that ignores the
attitude dynamics of the quadrotor, and is then extended
to the full system through singular perturbation. Numerical
results establishing the performance, as well as rigorous
proofs demonstrating stability properties of the controller are
presented.

VI. APPENDIX
A. Proof of Prop. 1

The key idea of proof comes from [15]. We first write
out the closed-loop error dynamics for each quadrotor’s

orientation as

€ er| _ 2(tr(RTRi)s — RI Ry )eq,
éQi _kRiéRi - inEQl.

where the new error function &g, = ep, /€.

By Prop. 1 in [15], there exists suitable values for
kg;,kg,,€ such that the quadrotor’s orientation R; could track
the reference R;. exponentially. In addition, the exponential
rate is directly related to % On the other hand side, the error
function for the external force

i (iNT
fiRiez —vi = (viRie3)Rie3 —v; = (I — e5(e3)" )vi
Then rewrite this expression in terms of egc as:
fiRies —vi = [éf — (¢ -¢)eb] [ v]
Due to exponential tracking of attitude, it holds that es;
tends to e3;. exponentially. Based on the previous expression

and boundedness of ||v||, we have that the external force
fiRie3 tends to v; exponentially.

B. Proof of Prop. 2

For the reduced system, what we could directly control is
the force v; applied to each point-mass. Based on the previous
discussion in III, we have that only the parallel part of v;
denoted as ul‘v could affect the load’s pose dynamics while its
perpendicular part uf; could change the cable’s attitude.Thus,
with the given feedback law:

ulv
2 = ul =G (—d+awy),
Ml'w
ujy = Gi((qi+ 0ia)Gi — 47 Oa — (kgyeq + koyew;))
1 5, . A~ £
- ZCI,‘Z(XLC + ge3 +RL(Q%+QLC)U),
1

we can compute the closed-loop accelerations of the load
directly as:

up,
) I
u
A [x”*g“] =Glg) | | +d,
Q, :
Mllw
=G-G'(AW;—d) +d,

where we have utilized the fact that G- G = I. Thus, the
error dynamics of the load’s pose for the reduced system is,

by, = —kqex, —ky ey,
o, = —kryer,, —ko e,

Similarly, for the tracking of cable swing dynamics, we
have:

oy, = —kgeq, —kaea,



Thus, the errors of load’s translational, rotational and
cable attitude are totally decoupled from each other.Thus
we could treat each of them as independent subsystems. As
well-studied in the [2], [4], [16], there exist suitable gains
ke, kv, kg, ko, and ky,ke kg, ko, i =1,2,---,n for the
reduced system such that almost global exponential stability
is guaranteed.

C. Proof of Prop. 3

We start the proof by first rearranging the terms in the
hsystem dynamics:

fiRie3 — vy
" Ryez —v
i tges] | faRaes =2
|: a; ] Ws+A" G ,
fuRnez — vy,
O = —4;[(gi- Oa)di — G; Bia — (kgieq +kayen,)]

—Gi(fiRie3 —v;)
1 A A
+4gi X T [Xr —Xpr +Rp(Qr — Qpp)ri].

Next, rewriting the equation in terms of the errors for the
full and reduced system, we have,

OF,
o _léw] 416 0F,
€q; €q, 7
SOF,
o, = Co, —qi(0F;)
1 L N ,
+ qu X [eXL - eer - RLri (eQL - eQLr)]ﬂ
1

where O F; = fiR;e3 — v;. Moreover, the fast-changing dynam-
ics of quadrotor’s orientation are given by,

. ér,| _ [3(r(RT Ric)ls — R Ric)eq,
o, —kg,er;, — ko,eq; '

By Prop. 1, for proper selected gain parameters kg,,kq,,
there exists € such that whenever € < &, the quadrotor’s
yaw angles can be tracked exponentially. Next, treating €
as the perturbation parameter of the error dynamic system,
we have, when € — 0, we have fiR;e3 — v; (i.e., 0F; — 0.)
In this case, the error of the full system becomes the error of
the reduced system, and thus it will decay exponentially by
Prop. 2. However, we know that for a physical system, € can
never become zero, but the method of singular perturbations
indicates that for sufficiently small €, the exponential stability
of the reduced system can still be preserved for the full
system under certain conditions [3, Thm. 11.4]. Now we are
going to check these conditions step by step.

« It’s obvious that zero is an isolated equilibrium for the
error system.

o From Prop. 2, we know that the origin of the error
dynamics for the reduced system is exponentially stable
under a properly selected parameter set, ky, ,ky, ,kg, , ko,

and kanw"kRi’in‘ . . . .
« Since all the expressions involved in the dynamics are

smooth, their partial derivatives are continuous func-
tions. So according to boundedness of state, we can
conclude that all the partial derivatives up to the second
order are bounded.

o The fast dynamics, i.e quadrotor orientation dynamics,
is also exponentially stable when € < € by Prop. 1.

Thus, applying Theorem 11.4 in [3] yields that there exists a
€ such that whenever € < &, the error for the full dynamical
model would tend to zero exponentially. We now select the
value €* = min{&, €}, and the conclusion of Prop. 3 holds
accordingly.
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